ABSTRACT.
Introduction.
A sphere in E3 is characterized as a closed surface which contains an infinite number of circles through each point. But we do not know a surface other than a sphere or a plane, which contains many circles through each point of it.
In 1980, Richard Blum [1] found a closed C°° surface of genus one which contains six circles through each point, and he gave a conjecture: A closed C°° surface in E3 which contains seven circles through each point is a sphere.
We proved in [3] that a closed simply connected C°° surface in E3 which contains three circles through each point is a sphere.
The purpose of this paper is to obtain the following theorem for a closed C°°s urface of genus one. THEOREM. A closed C°° surface of genus one in E3 cannot contain seven circles through each point.
The author wishes to express her hearty thanks to Professor K. Ogiue for his constant encouragement and valuable suggestions and Professor S. Kojima for his valuable suggestions. The following facts are basic (see, for example, [4] We see from these facts that (*) if 7 is a circle, then either m = n = 0 or |m| = 1 or |n| = 1. REMARK. Since we disregard the orientation of curves, we identify 7 with -7.
Lemmas.
Let M be a closed C°° surface of genus one in E3. Then we have the following lemmas for curves on M in view of (*):
LEMMA l. // two circles on M are homotopic and if they have only one point in common, then they are tangent to each other at the point.
PROOF.
Let ci and C2 be two circles on M which belong to a homotopy class m[a] + n\ß\. Since the intersection number Int( , ) is bilinear, Int(ci,C2) = Int (ma + nß,ma+nß) = m2lnt(a,a)+mnlnt(a,ß)+nmlnt(ß,a) + n2lnt(ß,ß) = 0.
Therefore c\ and C2 must be tangent to each other (cf. [4] ).
LEMMA 2. Let cy G m\a\ + [ß] and c2 G [a] + n\ß\. If mn > 4 or mn < -2,
then at least one of c\ and c2 cannot be a circle.
PROOF. By the assumption, Int(ci,C2) = mn -1 > 3 or < -3, so that ci and C2 must have more than two points in common. PROOF. (I) By the assumption, Int(ci,C2) = n' -n = ±2, so that c\ and C2 have two points in common.
(2) By the assumption, Int(ci, C2) = n' -n > 3 or < -3, so that ci and C2 must have more than two points in common. PROOF. Int(ci, C2) = 0, so that ci and C2 must be tangent to each other at the point. 4 . Proof of the theorem. Now we will prove our theorem by using the above lemmas and the following result:
PROPOSITION [3] . Let M be a C°° surface in E3. Suppose that, through each point of M, there exist three circles of E3 contained in M, any two of which are tangent to each other or have two points in common. Then M is (a part of) a sphere or a plane. Suppose there exist seven circles through p. Then at least one subset must contain three circles and any two of them are tangent to each other or have two points in common. Since p is arbitrary, M must be a sphere or a plane by the Proposition. This contradicts the fact that M is of genus one. Q.E.D.
